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MOMENT CLASSIFICATION OF INFINITE ENERGY 
SOLUTIONS TO THE HOMOGENEOUS BOLTZMANN 

EQUATION 

YOSHINORI MORIMOTO, SHUAIKUN WANG, AND TONG YANG 


Abstract. In this paper, we will introduce a precise classification of char¬ 
acteristic functions in the Fourier space according to the moment constraint 
in the physical space of any order. Based on this, we construct measure val¬ 
ued solutions to the homogeneous Boltzmann equation with the exact moment 
condition as the initial data. 


1. Introduction 

Consider the spatially homogeneous Boltzmann equation, 

(1-1) dtf{t,v) = Q{f,f){t,v), 

where f(t,v) is the density distribution of particles with velocity z; G at time t. 
The most interesting and important part of this equation is the collision operator 
given on the right hand side that captures the change rate of the density distribution 
through the elastic binary collisions: 

Q{9,f){v)=[ [ B{v-v^,a){g{v'Jf{v')-g{v^)f{v)}dadv^, 

where for cr € 

, f + f* Izi —, z; + Iz; —z;*| 

” = —+ ^—- 

that follow from the conservation of momentum and energy, 

z;' + z;l=z; + z;., |z;f + Izz^p = |z;|2 + |z;,|2. 

The natural space of the unknown function /(t, v) to the Boltzmann equation is 
the space of the probability distribution with suitable moment constraint that may 
reflect the boundedness of the momentum or energy. 

The purpose of this paper is first to give a precise definition of the space of a 
probability distribution with a-order moment after Fourier transform, and then 
construct the measure valued solution to the Boltzmann equation in such space 
with the same parameter a for the initial data and the solution in the setting of 
Maxwellian type cross-sections. 

More precisely, consider (ED with initial datum 

(1.2) /(0,u) =ziEo >0, 
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where is a probability measure. 

Motivated by the inverse power law, assume that the non-negative cross section 
B takes the form of 

5(1?; — n»|,cos 0 ) = $(|n — ?;*|) 6 (cos 0 ), cos0 = ^^ • cr, 0 < 0 < 

!?; — ?;»I 2 

where 

^dzl) = <l)-y(|z|) = IzP, for some 7 > —3, 

(1.3) b{cos0)9^~^^‘‘ K when 0 —O-b, for 0 < s < 1 and iiT > 0. 

Throughout this paper, we will only consider the case when 

$(!?; -?;*!) = 1, 

that is called the Maxwellian molecule type cross section. In this case, the analysis 
relies on the good structure of the equation after taking Fourier transform in v by 
the Bobylev formula. And the other cases will be pursued by the authors in the 
future. 

As usual, the range of 0 can be restricted to [ 0 , 7 r/ 2 ], by replacing b{cos0) by its 
“symmetrized” version 

[6(cos0) -b 6(cos(7r - 0))]lo<e<7r/2- 

We can work on the problem with the following slightly more general assumption 
on the cross section 


(1.4) 3aoG(0,2] such that (sin0/2)“°&(cos 0) sin0 S L^((0,7r/2]), 

which is fulfilled for the function b in ()1.3I1 if 2s < gq- 

Denote by Pa(R^), a S [0, 2] the set of probability measure F on such that 

[ |?;|“dF'(?;) < 00 , 

Jr 3 


and moreover when 1 < a < 2, it requires that 


(1.5) 



VjdF{v) = 0, 


J = 1,2,3. 


Following Jacob 0 and Cannone-Karch [5], call the Fourier transform of a prob¬ 
ability measure F € Po(]R^), that is. 


= ho = HFm = [ e-^^<dF{v), 

Js.3 

a characteristic function. 

Put JC = F{Pq(M.^)). Inspired by a series of works by Toscani and his co-authors 
laiiiin], Cannone-Karch dehned a subspace /C“ for a > 0 as follows: 

(1.6) = {:^ e /C; ||iy9 - l||a < CXd} , 


where 

(1.7) 


||(p- l||a = sup 


lb^(0-l| 

iei“ 


The space endowed with the distance 

(1-8) ||</;-= sup -- 

JGR3 l?l 





MEASURE VALUED SOLUTIONS 


3 


is a complete metric space (see Proposition 3.10 of [2])- It follows that /C“ = {1} 
for all a > 2 and the following embeddings (Lemma 3.12 of [2]) hold 

{1} C /C“ C C /C'’ = /C for all 2 > a > /3 > 0. 


With this classification on the characteristic functions, the global existence of 
solution in was studied in [5] (see also [7]). However, even though the inclusion 
J^(Pa(]R^)) C /C“ holds (see Lemma 3.15 of [5]), the space /C“ is strictly larger than 
J^(Pa(M^)) for a € (0,2), in other word, P'“^(/C“) D Pa(IR^). Indeed, it is shown 
(see Remark 3.16 of m) that the function (pa{0 = e with a G (0,2), belongs 
to /C“, but Paiv) = T~^{ipa){v) that is the density of a-stable symmetric Levy 
process, is not contained in P„(R^). 

On the other hand, we remark that P(P 2 (R^)) = JC^. Indeed, this can be proved 
by contradiction. If there exists a (p{^) G K? such that F = ^ P 2 , then we 

may assume there exist wq € S‘^“^and H > 0 such that 

[ |i;pdP(u) > I00||I-(^||2, 

d{|^-a;o|<io-io}n{kl<A} 


from which we have a contradiction because 
111 II IIe(I — V^(0) 

111 - ph > sup-- 

5 l?r 


> 2 


> 




|2|C|2 




updP(u) for — = Wo, Id = 


' 11 ITT “““ I I’'! 


(t-t • uJoY\v\'^dF{v) > 50||l - (^|| 2 , 


by using 


2z TT 

sm z > — when 0 < z < — . 

- TT - - 2 


In order to capture the precise moment constraint in the Fourier space, another 
classification on the characteristic functions was introduced in nni as follows: 


(1.9) 7W“ = {(p G /C; ||(^ - I||^. < 00 } , a G (0,2), 


where 

It was shown in [TO] that if a G (0,1) O (I, 2), then = F{Pa). However, for the 
case a = I, C P(Pi). 

To give a more precise description of the characterization of Pa of any order, in 
this paper, we first introduce 

(I.II) Al“ = {y,G/C; ||Pe^-I||M- + ll‘^-l||a<oo}, aG(0,2), 


where Rep stands for the real part of p{Cj- Accordingly, the imaginary part of p{C) 
is denoted by Imp. 

For p,p & put 




\Rep{^) - Rep{i)\ 
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and, for any 0</3<a<2,0<e<l, we introduce the distance in as 

( 1 . 12 ) diSa,l3,e{‘^, >p) = + \\^ - ‘^ 11/3 + - flfp. 

With the above preparation, the first main result in this paper can be stated as 
follows. 


Theorem 1.1. // 0 </ 3 <a< 7 < 2 , 0 <e<l, then the space M.°‘ is a complete 
metric space endowed with the distance disa,p,e{-, ■)■ Moreover, we have 

(1.13) JO d M°‘ C11C°‘ C. IC^, 

(1.14) = J-(P„(R3)). 

Furthermore, lim disa,p,c{‘fn,‘f) = 0; /c”' FmF S implies 


(1.15) 


lim 

n—¥oo 


'ip{v)dFn{v) 


j ip{v)dF{v) for any if € C'(R^) 


satisfying the growth condition |3/’(r’)| < {'v)°‘, 
where Fn = iF~^{ipn),F = e Pa(R^). 

Remark 1.2. If a & (0,1) U (1,2), then M°‘ = Al“. If a = I , M°‘ ^ M°‘. 


Proof. Firstly, for F € Pa,ct € (0, 2), denote the Fourier transform of F by ip, then 
1 — Rep = /„(1 — cos(.^ • v))dF. Hence 


(1.16) 


|1 — Rep\ 


df 


1 — cos(.J • v) 


lel 


3+a 


dFdf = 2 


sin^(C • cr/ 2 ) 


ICI 


3+a 


dc 


^dF. 


It is proved in [2] that F{Pa) C /C“. This inclusion and (11.161) show Al“ D F(P“). 
To prove C F(P“), it suffices to show: 


for any p G A4“, if a > 1 , then F = P ^{p) satisfies (II.5F 


Assume there exists p G A4“ C /C“, such that a = f vdF ^ 0, F = F ^{p). Since 
F(- + a) G Pa, we know e'^^'°‘p{f) = Paif) = ^{F{' + a)) G /C“. Therefore, we have 


sup 



= sup 


|1 - 
iei“ 


< sup 


ll 

lel“ 


+ sup 


ICI“ 


= sup 


|1 - f\ 

ICI“ 


+ sup 


Wa - 1 | 

l?l“ 


< oo. 


This gives a contradiction to the fact that if a > 1, a 7 ^ 0, then e “ ^ KP. The 
inclusion (11.1311 follows from 




l?l 


3+0! 


df. 


Secondly, let {pn}^=i be a Cauchy sequence in ,disa,p,t{-, •)}• Then, there 
exists N > 0, such that 


diSa,p,t{pN,Pn) < 1, for any n> N. 
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As {^n}'^=i is also a Cauchy sequence in the complete space {/C^, || • ||/ 3 }, there 
exists (fi G /C^ such that 

II II „ 

Wn - V?||/3 = sup —jip- >0, as n -)• oo. 


Then, for any S G (0,1), 
\Re(p — Reipn 

Notice that 


/ 

Js< 


d^<\\‘f-V^n\\i3 [ ^ Q’ asn^oo. 

Js<\^\<s-^ l?l 




\Re(p — 1| 

1^1"+“ 




< 


\Reip — Reipn 
\ReipN - 1 | 

5<|C|<5-i 


/ 

Js< 


|^|3+a 


-d£, 


d^. 


\Reipri - ReipN\ 


/5<|«|<5- 


1^1 


3+0: 


d^ 


Then by letting n —> oo, we have 
r \Reip - 1 

-'<5<|«|<<5-i 


-+ < 1 + 


l?P+“ " A<|€|<5 ~i I^I 


\ReipN - , 

- ^ 1 + 


\Re(pN - 1| 


Since 6 G (0,1) is arbitrary, we obtain ip G A^“. 
Finally, suppose that for F„, F G Pa{M.^), we have 


1^1 

ifn = P{Fn),ip = RiF) € M°‘, and \im disa,8,ei^fn, ^p) = 0 ■ 

n—>oo 

1 - i?e(p(C)| 


3+0 




Note that for i? > 1 


'{|«I<1/-R} 


ICI= 


13+a 


-d^ + \\ipn - , 


'{ICI<i/-R} 1^1' 

then it follows from the proof of Proposition 2.2 in m that for any £i > 0 there 
exist R> 1 and N gN such that 


f |u|“dFi(u) + f |u|“dF(u) < £1 if n > 

J{\v\>R} J^\v\>m 


/{|H>R} 


This shows (11.151) because (pn —>■ (f in and hence, F„ —> F in S' 


□ 


Hence, represents precisely Pa in the Fourier space for a G (0,2). It then 
leads to a question about how to describe the subspace in 1C corresponding to Pa 
with Of > 2. For this, we introduce the following spaces. 

For each n > l(n G N),a G (0,2], denote 

+++e P.(K»)). 

It should be noted that if a > I then the above definition requires 

(1.17) [ u,(l + |un"dF = 0,j = l,2,3. 

Jr3 

We can then characterize P 2 n+a exactly by using the space Al“ obtained above. 
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Corollary 1.3. Let n S N, n > 1, then we have the following characterization: if 
a e (0,2) 

T{P2n+o.) = (1 - A)-"7W“; 


7/0 = 2 , 

nP2n+2) = (1 - A)-'‘/C2, 

where A is the Laplace operator and the space (1 — A)~'^S is defined as: 


ifif,) € (1 — A) "S', if there exists S 


such that tp = {1 — A)"(^ and 


p}{0) 


G S. 


Proof. For any F G P 2 n+a, since g we have 

/(l+hPj dF 

f il + \v\^rdF \ ^ (1 - A)"P(df) ~ 

\J{l + \v\^)ndF J J{l + \v\^)^dF ■ 

Hence, F{dF) G (1 — A)“"A4“. Inversely, if G (1 — A)“"A1“, by the definition, 
there exists ip G Ch(K^) such that ip = {1 — A)"(^ and ip/ip{0) G Then, 

Ip{0) Ip{0) / (l + 

Moreover, if a > 1, 


[ VjdF ^(ip){v) = ( ?;j(l + ^(¥>)(u) = 0, / = 1,2,3. 

7r3 jb3 

This shows F~^{g}) G P 2 n+a- 


□ 


Remark 1.4. It is worth to remark that K? C (1 — A) ^KP, because the zero 
moment condition (|1.17|) is not assumed for the space KP. 

Thanks to the new characterization of Pa for any a G (0, 2) by its exact Fourier 
image Al“, we can improve the previous results, given in [u [3 [a uni, concerning 
the existence and the smoothing effect of measure valued solutions to the Cauchy 
problem for the spatially homogeneous Boltzmann equation with the Maxwellian 
molecule type cross section without angular cutoff. The results will be stated in 
the following theorems. 

Theorem 1.5. Assume that b satisfies (El for some oq G (0,2) and let a G 
(ao,2). If Fq G Pa(K^), then there exists a unique measure valued solution Ft G 
(^([O, oo), Po,(K.^)) to the Cauchy problem (ll.ip - (ll.2p . where the continuity with re¬ 
spect to t is in the topology defined in (11.1511 . 

Remark 1.6. Assume the initial data Fq G P 2 n+a with a G (0,2]. Since Fq may 
belong to Pa up to the translation when a > 1, by Theorem 11.51 we can obtain 
the corresponding solution F{t) G Pq,(K^). However, since with n > 1 is 

not a collision invariant, we can not expect the condition (11.171) on the initial data 
can propagate in time. Hence, the solution in general does not belong to P 2 n+a for 
1 < a < 2. 
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Corollary 1.7. Assume that b satisfies (II. 4|) . n > 1, n G N, a € (0, 2] . Let Ft be 
the measure valued solution to the Cauchy problem (in])-(IE2l) with respect to the 
initial data fp G satisfying 


< oo. 


Then, for any T > 0, there exists C > 0 such that 

(1.18) J \vf^+‘^dFt < J 

for any t G [0,T]. 


Proof. We first consider the case with angular cutoff cross section and use a modified 
weighted moment as follows. For <5 > 0, put 

ly\2n+a 

Since the function x/{l + Sx) is increasing in [l,oo] and |n'| < |n| + we have 




(v) 


2n-\-a 


(v*) 


2n-\-a 


< 


1 + 1 + (5((z;)2’^+“ + (n,)2’^+“) 

(.y)2n+a 


l + (5(i;)2’^+“ 1 + 


= Ws{v)+W5iv.). 


Therefore, \Ws{v') — Ws{v)\ < Ws{v) + Ws{v^:). Set 6m(cos0) = min{6(cos6(),m} 
and let f'^{t,v) be the unique solution of the corresponding Cauchy problem. For 
the simplicity of the notations, we consider the case where Fq and Ff^ have den¬ 
sity functions fo{v) and f"^(t,v) respectively. The general case can be considered 
similarly. Then we have 

^ J f"'{t,v)W5{v)dv < J bmda^(^ J f'^{t,v)W5{v)dv^(^ J f"^{t,v^:)dv^,^ , 


which yields 

J f"'{t,v)Ws{v)dv < J fo{v)Ws{v)dv. 

Taking the limit 6 -fO, we have /"*(<, v) G T^ns-a- 


In order to overcome the angular singularity, we need a precise formula used in 
the Povzner inequality, cf. [6]. To be self-contained, we derive it as follows. Since 
(T G S^, it can be written as 

a = kcos6( -I- sin6((hcos (/? -|- isinc/?), Q G [0,7r), ip G [—tt, tt) , 
by an orthogonal basis in R^, 

, v-v^, . i; X i;* , . , Uv - v^) ■ v)v.^ - ({v - v.f) ■ vAv 

k = r-r, 1 = -r, h = 1 X k = ^^ . 

|n —|n x |n —x'u*! 
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It follows from (r; + ri*) _L i and the definition of h that 


,2 .V+V^f2 . \V — V^f 




+ 


■(?; + w*) • cr 


i(2|rip + 2|ti*p) + + sin0cos(ph)^ 




sin 6 cos ip 
2\v X r;*| 

|'(;p(l + COS0) — COS0) 


1 ( 1 ; + z;*) • ^((z; — z;*) • z;)z;* — ((z; — z;*) • Vt)v^ | 
z;| |z;* I sin a sin 6 cos p , 


2 2 
where a is the angle between v and z;*. Therefore, we have 


(1.19) 


Q 6 

\v'\^ = |z;p cos^ - + |z;*p sin^ - + |z; x z;* | sin0 cos 


= Y{9) + Z (9) cos p. 


Similarly, we have 


( 1 . 20 ) 


|z;*pcos^ ^ + |z;|^sin^ ^ 


Y{ti — 9) — Z{9) cos p . 


|z; X z;* I sin 0 cos 


If dz(a;) = '^ 2 n+a{x) = (1 + x)"“''“/^, then it follows from the change of variables 
that 


I J r{t,v){vr-+^dv 


/™(t, v)f'^{t, v^.)K{v, v^)dvdv^, 


where 


K(v,v^)= [ 6^{5'(|z;'p) + 5'(|z;(,n - ^'(|z;p) - 4'(|z;*n}dcr 

JS2 

= 2 / f 6„(cos0){^'(|z;'p) + 4'(|z;'p) - 4 '(|z;H - ^'(|z;*p)} sin0d0d(/5. 
Jo Jo 


Note that 

f (Y (9) + Z(9) cos p) dp 

Jo 

= (/'+/ )'i'{Y{9) + Z{9)cosp) dp 


= / {'i/{Y{9) + Z(9) cos p) +'if (Y(9) - Z(9) cos p)-2'i/{Y{9))} dp+ TT'i/(Y(9)), 
Jo 
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and by using integration by parts twice, we have 

pTT nTT 

/ = / ’i’(Y(6) + Z(6) cos (fi) d(p 

Jo Jo 

= 7r«'(y) + [ip{^{Y + Z cosip) + «'(y - Zcosp) - 2«'(y)}]| 

— / p{^'{Y + Zcostp) —{Y — Zcos(p)}{—ZSYup) dp> 

Jo 

= 7r'I'(y)+ / Zpsmp{’^'{Y + Zcosp) —'^’'{Y — Zcosp)) dp 

Jo 

= 7r'I'(y) + Z[{s\np — (/3COS(p){'I''(y + Z cosp) — ^'{Y — Z cos(/9)}]q 

+ Z'^ / (sin(^ — (pcos(p){'I'"(F + Z'cosi^) +'h"(y — Zcosi^)}sin(/j 
Jo 

= (Y(9)) + Z^ / (sin (p — (p cos (^) sin 

Jo 

X {(^'" (Y(0) + Z cos p) + (Y(0) — Z cos p)} dp. 

Similarly, we obtain 

[ ^{\v'^\^)dp ='iT'^{Y{Tr — 0)) + Z'^ f (sin(/j — cos(/?) sin(/? 

Jo Jo 

X {(4'"(y(7r — 0) + Zcosp) + iIi"(F(7r — 0) — Zcosp)} dp. 

In view of these formula, we consider K(v,v^:) by dividing it into two parts as 
follows: 

K{v, t!*) = —H{v, v^.) + G{v, v^.). 

For the first part, we have 


pTZ 

— H{v,v^) = 27 : / 6m(cos 
Jo 


X {^(y(d)) + 'f{Y{ 7 r - 0 )) - (cos^ 2 +sin" 

= 2 Tr f bm{cos 0 ) {^'(|i;p cos^ ^ + |i;*|^sin^ ^) - cos^ ^ 4 '(|i;|^) - sin^ ^^'(|i;*|^)} 


+ {^'(|z;*pcos^ ^ + iTpsin^ - cos^ - sin^ ^^'(^1^)} 


d 0 < 0, 


where we have used the fact that is concave. On the other hand, if Zg = 
Z{ 0 )/il + Y{ 0 )) e [ 0 , 1 ], then 


/o 


Z^ I (sini^ — (^cosv?) sin(p{il'"(y + Zcos:/?) + iI'"(F — Zcosf/j)} 

^77/2 
10 


<Z2(l + r)”-2+“/2 f (^ 3 {(l + Zo cos (/9)”-2+“/2 + (1-^0 cos 

Jo 

< < [ripln^pd^, if n = 1; 

< Z ^{1 + y)'^-2+«/2 < (1 + |t;|2 + |.j;^|2)n+a/202^ if n > 2 . 
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Therefore, if n = 1 then G{v,v^,) < which implies 

^ J rit,v){v)^^+‘^dv <Co{J\v\^rit,v)dvy = Co{J\v\^fo{v)dvy, 

where the constant Cq is independent of m. When n > 2, there exists another 
constant Ci > 0 independent of m such that 

which implies 

^ J J r{t,v){vf-+^dv. 

Finally, take a cutoff function xiv) € satisfying 0 < xiv) < 1 and x = 1 

on {|i;| < 1}. Then, for any i? > 0, we have 

J r{t,v){vy-+^x (^) dv < Ce^* J fo{v){vf-+‘^dv. 

Since f™‘{t,v) f(t,v) in <S'(R^) and (u)^”''"“x (^) G get 

J fit,v){vf-+‘^x{^)dv<Ce^* J /o(i;){u)2"+“di;. 

Letting R ^ oo shows for any T > 0, Ft £ L°^{[0,T], P 2 n+a)- And this completes 
the proof of Corollary 1 1.71 □ 

The proof of the Theorem 1.5 will be given in the Fourier space. In fact, by 
letting = R{Ft) and tpo = -^(Aq), it follows from the Bobylev formula that 

the Cauchy problem (I1.1F(I1.2I) is reduced to 

f = 

(1.21) I 

[ V5(0,O = where = | ±-ilicr. 

By Theorem ll.il to prove Theorem ll.Sl it suffices to show 

Theorem 1.8. Assume that b satisfies (HI) for some Oq £ (0,2). Let 2 > a > 
/3 > max{ao,ci/2} and e € (0,1 — ^]. If the initial datum (pa belongs to A4°‘, 

then there exists a unique classical solution (p{t,^) £ G([0, oo), Al“) to the Cauchy 
problem (11.211) satisfying that, for all t,s £ [0,T], 

(1.22) 

(1-23) - ^{s)\\mc <C{t,s)\t-s\, 

where C(t,s) = _ l||j^^ + (g'>'/ 3 max{s,t}||]^ _ 

(1.24) Xi = 2 tt j 6 (cos0) f cos* - + sin* - — Ij sin0(i0 > 0 , i = a,/3. 

Furthermore, if ip{t,^),(p(t,£fj £ G([0, oo), A4“) are two solutions to the Cauchy 
problem (11.211) with initial data PotPo £ Al“, respectively, then for any t>0, the 
following two stability estimates hold 

(1.25) Wpit) - ip{t)\\c < e^“‘||(^o - f>o 


/S2 


f ■ O' 
ICI 




a 5 







(1.26) 

where 


MEASURE VALUED SOLUTIONS 


11 


^2 Aft t 


O Aq; t 


\\ip{t) - < e “ llv^o - ‘^olIrTc + 


2Xj3 — Ao 


0^0^ _ 6"^“^ 

A/3 Aq 


-B, 


A = max{||l - ^po\\p, ||1 - (^o||^} • |l‘/5o - (po\\p , 

5 = 11^0 - ‘^o||/3 + 111 - <^o||^"1|</?0 - ^oll^- 

Remark 1.9. Since foy^fo G Al“ C /C“, i/ie stability estimate (11.251) is nothing 
hut (13) of [7]. 

Finally, we give the following corollary about the regularity of the solutions. 

Corollary 1.10. Let b{cos9) satisfy (11.41) and let a G (ao,2]. If Fq G Pq,(R^) is 
not a single Dirac mass and f{t,v) is the unique solution in (7(10, oo), Pa(]R^)) to 
the Cauchy problem (ll.ll) - (ll.2l) . then f{t,-) belongs to n for any 

t > 0. 

Remark 1.11. The case except a ^ 1 in the above corollary was already proved in 
Theorem 1.8 in [lOj . The newly defined space Aia in this paper fills the gap in the 
case when 0 = 1 . 

This ends the introduction and the proofs of Theorems 11.51 and 11.81 will be given 
in the next section. 


2. Proof of Theorem 11.81 


This section concerns with the existence of measure valued solutions in the new 
classification of the characteristic functions. We only need to prove Theorem 11.81 
because Theorem 1 1.51 will then follow by using Theorem ll.il 

Let b{-) satisfy (jl.4D . As usual, the existence for non-cutoff cross section is based 
on the cutoff approximations bn{-) = min{6(-),n}. Following the previous works 
[lIZlilllQ], define the following constants for a G [oo, 2): 

“ L ( w) 5^ 

“ L ( w) 5 ^ 5 ■ 0 ^ 

(2.27) X^= J b (^sin“ ^ -f cos“ ^ - 1^ dcr > 0. 


Note that Aq is finite and independent of f- furthermore, {Aq}))Tj converges mono- 
tonically to Aq. 

Following Subsection 4.2 of [2], consider the nonlinear operator, 

Gn{T){0 = 

Then, problem (11.211) can be formulated by 


(2.28) 


= Toif)e 


-72 t 


yy-lSit-T] 


Gn{Ti-,r))if)dT. 


For the nonlinear operator Qn(‘), we have the following estimate. 
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Lemma 2.1. Assume b{-) satisfies ()1.4I1 . Let bn = min{6,n}. Let max{ao, Q^/2} < 
P < a < 2 and e € (0,1 — . Then there exists C > 0 independent of n such that, 

for all ip,(p & we have 

(2-29) WGniT) - Gn[T)\\p < lp\\T - <^ll/3, 


\\Gn{T) - <la\\T “ + Cmax{11 1 - ^\\p, ||1 - ip\\p} -Wip-ipWp 

(2.30) +C\\^- np +C\\1- - P>\\% 

for any n > l(n S N). In particular, if ip = 1, 


^c\\p- 1||| + C||^ - 1||^. 

Proof. The proof of (12.291) can be found in [2]. We only need to prove other esti¬ 
mates in the lemma. Firstly, note that 



11 ^ ^ 1 ^~Mi f \R<iGniT) - ReGnip)] 

\\Gni<p)-Gn[‘f)\\j^^= -- d£, 


< 


K{-) 


|^|3+a 

\Rep'^Reip~ — Re(p'^R(p~ 


|^|3+« 

\Imip'^ Imip~ — Imip'^ Im(p~ 


l?l 

= /l -I- /2. 

For Ji, we can apply the Lemma 3.2 in [10) . That is, 


3+0: 


dad^ 


/R3 


\Reip+Rep - Re(p+Re(p \ ^ ^ n f \R^T “ 

f»(')-s 7.1, |j|37» 


For I 2 , we divide it into two parts: / 2 ,i for |^| < 1 and I 2 P for |^| > 1. Then, 

, . \Imip'^ ■ Im{ip~ — (p~) + Im(fi~ ■ Im{(p'^ — (p'^)\ , 

bn{-) -- dad^ 

- "Xk. I T”" 5"" ■ -’'II'’ 

•max{||l - pWp, ||1 - (p\\p} 

= C\\p- pWp ■ max{||l - Lp\\p, ||1 - p\\p}. 



\Irmp'^\\I'm{ip — (p )\ 


Cl>i 


1^1 


3+0 


< 


f sin'll \Irn{p - <p )\ 

4i>i i+i"" 


< C\\p-pWp •sin'^ 


By using 
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and 


\Imip — (p'^)\ 


|3+a 


di 


< 


ICI>1 1^1 

f \Im(f~\\Im{(p~^ — 
l?l>i 


1^1 


3+0; 




l—£ r 


\Imip — (p^)\ 


|3+a 


< 


2 sin^ 


'kl 


\Im(p 




1—e r 


/|5|>i ICI 

cos^ I \Im{ip'^ — (p'^)\ 




'ICI>i 


|^|3+a-/: 


|^+|/3 




2 2 


'ICI> 


1 l?l"+“ 




we obtain 


(2.31) h,2<C j b{-)s\\i^ ^da\\ip - ip\\p 

+ 2CI 6(.)sin^(i-)^cos^^^da||l-^||i-||^-^||^. 


Therefore, 


iReQni^p) - Regn{<f)\^ n f \Re(p-Re!f\ 

— L i«i«" 


+ Cmax{||l-(^||^,||l-(^||^}- Wip-^pWp 

+ C||(/5 — (p||^ + C||l — (^11^ ^\\^p — (p\\^p. 
And this completes the proof of the lemma. 


□ 


2.1. Existence under the cutoflf assumption. We are now ready to prove the 
existence of the solution under the cutoff assumption. The solution to (11.211) with b 
replaced by can be obtained as a fixed point of (12.281) to the nonlinear operator 

= ^o(e)e-^=‘+ 

^0 

for a fixed tpo G A4^. For a fixed T > 0 to be determined later, denote 

= Mi,0 e C([0,T],.M“) : (^(0,e) = ^o(0, 

VtG [0,T],||l-^(t,-)ll/3 <e+||l-+0,-)||/3} 

supplemented with the metric 


\W-'^>\\x^ = sup diSa,p,e{<f{t),lf{t)), 
tg[O.T] 


for ip,ip € X„. 

Firstly, the following lemma gives a local in time existence of solution in A„. 

Lemma 2.2. There exists T > 0, such that Tn '■ A„ Xn is a contraction 
mapping. 
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Proof. Firstly, we prove that maps Xn into itself. By Lemma 12.11 for any 
(fi £ Xn, we have 

sup - 1 |Imc 

te[o,T] 

<\Wo-M\mc+ sup [ WGni^iT,-)) dr 

tG[0,T] Jo 

< ll</5o - 1||^. + / - 1||^„ + C\\ip{T) - l\\l + C\\ip{T) - iWisdr 

JO 

<\\^,-1\\~^+^2T sup ||^(t)-l||~„+CT(||^o-l||/3e^^^ + lf 

t6[0,T] 

< oo. 


To show £ Xn, we also need to check that 


< ||1 - 

= e^?‘||l - LpoWp. 



e - lll^dr 

e-T'=(‘-^)e^^||(/9o - l||/3dr 


Moreover, assume that £ C{\f),T\, M°'). Since it follows from the definition 

of Xn that 


Xn{^){t,0 - ^n{p){s,0 = [mo - l) 

+ I' (a„(¥>(r))(0 - 7?) dr 

= Ht,s,^) + II{t,s,^), 


we have Xn{<p){t,0 & In fact, as for /C“-norm, we have 

|/| 




< 


g-72 i _ e-^2 


sup ^ —)• 0 as |t — s| —> 0, 

« 1^1“ ' ' 


and 


(s.pP (*,.)</' 


|gn(y’(^))(C) -72 

iei“ 


■dT<|t-s| 7 ” sup ||l-¥j(r) 

tG[0.T] 


The proof for Ala-norm is similar so that we omit the detail. 
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Secondly, to prove Tn is a contraction mapping, we apply Lemma 12.11 again to 
have that for any ip,(p & Xm 

sup •))•))IImc 

te[o,T] 

pt 


< sup / \\gn{(p{T, ■)) - Gni^pir, 
tG[ 0 ,T] Jo 

rT 


'M. 


dr 


< 


-p{i 


/o 




■ Cmaxllll - p{t)\\i3, ||1 - p(t)\\p] ■ ||(p(t) - p{t)\\p 


■C\\p{t) - p{t)\\p + C\\l - (p(T)\\p ^||(/5(r) -(p{T)\\ld- 


<l2T sup \\p-p\\j^ +C [ (e^S^||l-(po ||/3 + l)dT- sup \\<p - (p\\p 
te[o,T] Jo t 6 [ 0 ,T] 

+ CT sup \\ip-'p\\p+C\\l-ipo\\y'' ( sup \\ip - (p\fp 

te[0,Tl Jo t€[0,Tl 


<laT sup ||(p-(p||^ +cr(e /3 ||l-(po| 1/3 + 1)- sup \\ip-p\\p 


te[o,T] 


te[o,T] 


+ CT sup ||(p-(^||^ + CT||l-(^o ||3 sup \\p - pWp 

te[0,T] t6[0,T] 

|l-E^„A2Tr 


< (72 + C')(3 + ||l-(/5oll/3 + ||l-+ol|fl ^)e T sup disa,p,eip,p)- 

te[0,T] 

This together with the known estimate 

sup \\Xn{p{t,-)) - Xn{‘p{t,-))\\p <j'^T sup | |(/5(t, •) “ <p(t, ') 11,8, 
te[0,T] t6[0,T] 


we have 
(2.32) 


sup diSa,p^eiXn{p) - Xn{(p)) 
te[o,T] 


< [C„(0)e^/3-' T + 7 oT + ( 7 «T)"] sup disa,p,eip, p), 

te[o,T] 

where Cn{0) = (7a + C')(3 + ||1 - (/Jo||/9 + ||1 - +o||^“^)- Therefore, 
is a contraction mapping if we select T > 0 small enough such that 

(2.33) C„(0)e^?^r + 7^r + (7^T)^ < 1. 

And then it completes the proof of the lemma. 


Xr, 


□ 


Lemma [22] shows that there exists a unique solution € C([0, Ti], At a) to 

the problem p.2ip under the cut-off assumption, for some Ti > 0 depending on 
the initial datum ipQ. To extend the solution to be global in time, we can apply the 
above argument for the initial data (p(Ti,^), then one sufficient condition for Tn to 
be a contraction mapping in the next time interval t S [ri,T 2 ] is 

C„(0)e^3(^^+^^)T2 + 7^T2 + {j^T2Y < 1, 

where we have used the fact that Cn{Ti) < C'„(0)e^S^+ This process can be 
continued. Assume the length of m-th extension of time interval is T^, we can 
select the sequence {Tm}m=i as follows: 


C„(0)e^3(^^+^=+-+^-)T™ + 7^r™ + (7^TA)^ = ^ 


Vm e N. 
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It is straightforward to check that J2m=i = c)o. 

Remark 2.3. Although we only obtain the solution in C C{[0,T], A4°^), the 
fixed point is unique in T], Assume ip € C{[0,T], is a fixed point 

to the operator Tn ■ Then 



JO 

Let t = 0, we have ■0(0,^) = tpQ. Moreover, 



Applying the Gronwall inequality yields 


110(0-) - l||/3 < e^?*||0o - l||/3, 


that is , Ip € Xn- 

2.2. Stability under cutoff assumption. Let ip{t,^),(p{t,^) e C{[Q,T],Ma) be 
two solutions to the equation with cut-off cross section and with initial data ipQ,ipQ, 
respectively. 

Let H{t,^) = <p{t,^) — (p{t,f), then it is known from the previous works that 


(2.34) ll¥5(i,C) - <^(i)011/3 < - 0o||/3, for alH > 0. 


Starting from the equation, we can obtain 


(2.35) 



By Lemma [2d] and (I2.34|) . we have 



< q" 

— tOL 


/ 


|^|3+a 


di + Ce^^?'^max{||l - <po||/3, ||1 - (po\\p] ■ \ Wo - <Po\\p 


A- Ce^'^'^WpQ — 0o||/3 + Ce^?'^||l — 0o||^ — f>o\fp- 


To simplify the calculation, define the functions 




where 


A = Cmaxllll - ||1 - V>o\\f}} • - t?o||/3, 

B = C(\\ipo - 0o||/3 + 111 - - 0o||O- 
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Then, (12.351) becomes 


/W</(0)+7: 



Applying the Gronwall inequality gives 


(2.36) 


/ 


\ReH{t,0\ 

|^|3+„ 



/ 


\ReH{^ e 

|^|3 + 0! 


,2Agt _ gA"t 


A + 



B. 



In particular, ii (p = 1, we have 



where Aq = C\\ipo - 1||| ,So = C\\po - 1||;3- 

2.3. Existence and stability without cut-off assumption. Assume h{-) sat- 
ishes Let bn = min{6,n}. For any ipo € At“ C /C^,a € (ao,2) , we have 

a unique solution ipn{t,0 € <^([0,00);^!“) to the Cauchy problem (11.211) with b 
replaced by bn- From the /C^-theory ([2l[7]), we know 


W^Pnit,-) - l\\p < e^?*||(^o - l||/3 < - l||/3, for all /3 S (aQ,a], 


and it is proved that the sequence is bounded and equicontinuous. 

Therefore, by Ascoli-Arzela theorem, there exists a subsequence of solutions, de¬ 
noted by {pn} again, which converges uniformly in every compact set of [0, oo) x K^. 
Moreover, the limit function 


= lim Pn{t,C) 


is a characteristic function in K,°‘ and it is a solution to the problem (11.211) with the 
initial data = pq. 

To prove p{t,^) S Al“, by letting = 1, we obtain from the stability estimate 
that for any 0 < <5 < 1 



Bo 


Letting <5 —>• 0, we obtain p{t,^) G A4°‘ for each t > 0. Similarly, the stability 
estimate (11.2611 follows from (j2.36l) by letting n ^ oo. 
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To complete the proof of Theorem 11.81 we will show G oo), Af “). 

For any t, s > 0, we have 

Re(p{t,^) - Reip{s,^) 

= f f H-){iRe(p{T,^+)Re(p{T,(~) - Re(p{T,^))dadT 
Js Js^ 

b{-)Im(p{T, ^~)}dadT 


= I-II. 


For /, by Proposition 3.3 in [10], we obtain 

|/| 


./R3 Is I 


M° 


For II, 


/R3 


\II\ 

|^|3+a 


d^ < 


b{-) 




ii-^(Te )\y . B 0 

|^|3+“-/3 ® 2 


f 111 )II| . «6» p0 

4l<i ie|-“-^ Bin^-cos^- 




dadr 


Therefore, 

\\ip{t) - I^(s)||;^„ < C{t,s)\t - s|, for all t,s > 0, 

where C(t,s) = — l||j^ a + — ipo\\p + 1)^. And then 

it completes the proof of Theorem 11.81 

2.4. Proof of Theorem [T3J We are now ready to complete the proof of Theorem 
11.51 Assume b satisfies (11.41) for some oq G (0, 2) and let a G [oo, 2). If Fq G Pa(R3)^ 
then (po = •A(Fo) G A4°‘. By Theorem ll.Bl and (11.141) . there exists a unique measure 
valued solution Ft G C^O, oo), Pa(R3)) to the problem (ll.l|) - (ll.2F The continuity 
with respect to t is in the following sense: 

(2.37) hm J 'ip{v)dF{t,v) = j 'ijj(v)dF{tQ,v), for any G C'(R3) 

satisfying the growth condition |'!/'(^^)| ^ {v)°‘. 

This is true because from (11.221) and (11.231) , we have 

disa,/B,e{ip(t),ip{to)) -^0, as f -)> to- 

Then (I2.37p follows from Theorem ll.il so that Theorem 11.51 holds. 
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